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Harmonical Progressions.

The height of a column cf air of unit cross section may be
ghown, by the integral calculus or otherwise, to be equal to

r .
K. log P where P is the pressure at the bottom, P’ the pressure

at the top, and K a constant. But the same height may be ex-
pressed as the sum of the heights of n short columns of air of
equal mass. If the weight of each is w the pressures at the
centres of the sections will be approximately P—jw, P—3w, ete.,
and by Boyle’s Law their heights will be :—

C C C

s v s s 0w

P—1iw P-3w P—(n—%)w
where C is another constant. The sum of these heights is the
total height. N
C C C P
. N = K.lo
T P—tw T P—3w T T P—(n-%w 5 P —qw
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or, s 4o = _.log

P-iw P-3w P—(n—%)w C P—-nw
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Putting » = 1 we have :—
1 K P
1 = =, log =
= C P-w
K 1 1
—~ = 5
%) Pjw o P
—w
Lo L .
i TP _su T - T PTG yw
log — —
1 _D P — nw
P — sw o P_
— w

Putting P — (n — 1) w = A, and writing the series the other
way about :—

L 1 1
A TA—|—w+'“'+A+(n—1)fu}
A+ (n —3)w
~ A — 5w

A+ (n—YHaw

3A+(”"1)wﬁ‘lobd+(n_ T Formura 1.

The best results are obtaned when A is mueh greater than w.
An empirieal variation of Formula I was obtained as follows: —
The denominator of the above was observed to equal

w . log (A "‘_@L:l)_w) (4 4 [n—1]w) jw
A+ (n—3)w
(Ajw 4 n —1)
= i o l 0
w . log ( -+ ey -y w)
i (dfw +n—1)
= w . log (1 + o (n - ) )

whieh is the limit, when » is infinite,

— w. log e.

—= q, if hyperbolic logarithms are used.
The expression then beeomes :—

1

- ]()g(3 = AT
w A — +w
Then, as a first approximation, we have: —
1 -1 1
A T A+ w v Koo A+ (n—Dw
R A+ (n — 3w
w ' oo — 3w
n w
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Putting n — 1,
1 1 "
Do e (=
A w = A - itw
w
I L e 61{5/44 — 1 .
A - 3w
Substituting this approximate identity in the equation above we ob-
tain the following formula which holds even when » is not large :—
R | 1 : 1
% 1 i A+ w T T g + (n— Dw
. = oo log, S 4w (a4 — 1)} Formura II
EXAMPLES :
. T [
Approx. Approx.
Series. True Sum. | Formuly I, | EYTOr I porpyig 1, Errorin
; parts per! parts per
100,000 100,000
i ( — —
i
%_ + .i_ 83333 83939 | +727 | ‘83180 | —184
‘ |
| _i_ L + 11b 192897 1:94420 J +795 ‘192257 — 332
| |
oo+ + ?1 281596 | 283284 | +601 | 2B0755 | —209
5 .
|
; |
| —
1 1 1 - \ ek s .
— + - 4+ = 27424 2 428 +-15 27423 —4
10 11 12 !
1 4, ... 4 1 76877 | 76897 126 | 70866 —14
10 20
T | 98699 | 0872 +u6 | o-osess  —16
10 25
|
1o, 1 0199010 *0199010 > | 0199010 g
100 101
R 4 L 14911 | 14911 > | 14911 o
100 115 |
g + L 41380 *41380 P | 41380 P
100 150 ; '
1
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It may be observed that the summation eof the series

1 1 | :
— oo + ———— can be carried out to any
A A + w T A+ (n—1)w J
requnred degree of accuracy by an application of one of Euler's
asymptotie series. Kuler states (Inst. Cale. Diff., 1755, Pars
Posterior, cap. V1) that

1 1 I3 ¥
l ’I-J '.] Aa A h— — l pe _— —]' T '2 e
+£+_5+ t+ - Y+0gr+2:c 2:{:2-'“43:4
,]?@r\ 4+ ... where y  constant, and 3,, B,, B,, ... are Ber-
O x”
noulli’s numbers, viz., 3, = L, B, = t, ... An adaptatien of
the above formula gives :—
1 1 1 1. A4-(n—1Dw |
—_—t —— 4 .+ T = — log F( ) 4
A A+ w A+ (n-1)w w A - w
R N 1 . Biw B
2(A + [n—1] w) 204 -w)  2(d4+[n—1]w)® 2(4d —,'w)2+
The alternation of + and — signs makes it necessary to earry the

series on Lthe right fo five lerms, when the summation is usnally ae-
curate to several places of deecimals.

Relations between the powers of e.
If, in Fonnula 11, % is put, = 1 we et —

1 1 1 : '
. 4. S . y4
A t A+ : + d+n_1l = ]()g_’,, 2 [ fn,( 2 1) ‘

g 0

1
org(.d A4+1 +A.+n~1)=]+n(elM —D=mneia=nt1l,

from whteh the following approximate relations are oblained:—

True Values.

‘ N o
Ifn=2 4=1 A. B. A. B.
" A — 9 et = % — 1 4. 482 4437
i A =13 eit, = 2¢t — 1 ‘ 2:301 2:297
eitl = %t — 1 | 1792 1:791
Itn =3, 4 =1 elt+iti — 8e — 2 6255 6155
" A =2 eit'+i —3el — 2 2-955 2:9446
vs Al = 5 B;’"H'*'l Jes — 2 2189 2187

and so ad infinttum.



Arithmetical Progressions and Cognate Series,

By a method analogous to that used for Formula I the summa-
tion of other series can be effected. TInstead of taking PV econstani,
as m the case of Boyle’s Law, assume the tleoretical rclation
P™V = econstant.  Then the heights, which are proportional {o

the volmunes, may be integrated thus:—

C(P—4w)™ +C(P—gu)™+ ... +-C(P—[n—Flu)"

I)
= / K. Prap
K

= (Pn+1) — P'ont D)
¥

K

i (P D — [P — )+ 1)

whenee, by a proecess similar to that employed for the harmonical

progression, we get:—

Amt (A+w)ym+ ... +(A+[n—1]u)™

( A_if{_“>m+1_. 1

- . ‘f—i}_(” =0/ ) FormMmuLa
= (A—i—Ln—l]w)m, A—{—(W—%)w m + 1 ] TiT.
(i (n—%)—w) B

If m is put = 1 the above formula reduces to:—

A+(A+w)+ .. HA+[—Tw) = n(24+4[n—1jw),

which is the usnal formnla for the exact summation of an arithmet-
ical progression. If m = 0 each term becomes unity, and the sum 1s
n, exactly. But in other cases the summation is approximate only.
Those series which are convergent may he summed to infimty; the

general formula, derived from ITI, bemg:—

1 1 , 1
A" T (Arw)m + ocad b= O A S w0 D
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EXAMPLES:
= . 1
{ Approx.
s Error
Beries, True S, ! Fm‘z::::'l“]"‘i I in l])l:‘l,;'t,ﬂ
| ! 100,000,
L 1 : + = 0252080 0252193 ! 41
100 oI o1z | ¢ N
ot A ] Tk 1O5L66 105263 o
10% 112 -4 ... Aadmnt. 105166 H26. + 02
- . ' -
i i 1 '
+ 4 — “906AT 4 Q06455 | 4+ 5
V10 v 1] v 12 ‘
b= F o 1:35050 135063 + 3
¥10 Y11 B2 | |
|
N " |
102 + 112 - 12¢ 365 $uH 039 + 11
0% 4 11* 4 128 1059 4000 20 ‘ + 30
!
VIO + VL 4 412 04300 0 91284 — 1}
Y10 + Y11 4+ Y12 J 666784 666775 ‘ - 14
I | 5 |
ALOO 4 101 L. of v LD 1658034 165°8510 1 - 1

|

Derivatives of Formula II.

Formule for the approximate summation of series of the

form :41—,”_ L, (—;l-:_w)’” + . . . can also be obtained by repeated

differentiation of the empirical Formula II. H.g. :—

1 ] 1 1 { A ?
o - o= o, 21 ]|

A T A4-w + A+ (o 1w W O8e tale ) S

-1 -1 -1 1 e (—w/A%)

T T ETS e T (A+[n-1]w)2  w’ 1+n(e”-1)
1 1 1
}{2 + A+7.U)2 _I_ o _I_ f1+ ’n/']. U))2
(
1 Ty et :
. . Formura 1V

AT T Hu(ew41)
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And in the special case where » is infinite,

1 1 c 1 g4
ad inf. = =
AE + (A _+_ ,w)‘z + 2 me—l
EXAMPLES:
| |
Suw by Krror in Sum by Error in
Series. frue Sum, ! Formula | parts per| Formula |partsper
[ TiL. 100,000, 1v. | 100,000,
)
—1— == —l— + —1 0252089 | 10252193 +41 | ‘0252032 ~23
102 112 122 | :
| |
1 |
N | T
i = + . ..adinf.| 105166 ‘ ‘105263 +92 1 105083 -79

I

Other Series.

By a modification of the foregoing methods approximate sum-
mations can be found for geomeirical progressions, and also such
trigonometrical series as sind-fsin(A-d-w)-+ ... -} sin(d-fnwi,
but as these admit of exaet summation the results are of no practical
interest.

My best thanks are due to Professor A. D. Ross for his assist-
anece in puiting this paper in a form suitable for publication.




